
S O L U T I O N  OF H E A T - T R A N S F E R  P R O B L E M S  IN A L A Y E R  

V.  I .  G u b i n s k i i  UDC 536.244:532.546.2 

A method is p r e sen t ed  for  solving the h e a t - t r a n s f e r  p r o b l e m  in a l a y e r  of a plate, cylinder,  
or  sphere .  Exact  and approximate  solutions and an a lgor i thm for  compute r  calculat ions a re  
p resen ted .  The approximate  solution is e x p r e s s e d  in t e r m s  of tabulated functions and is 
convenient for  engineer ing  calcula t ions .  

Akse l ' rud  [1] gives  a genera l ized  solution of the h e a t - t r a n s f e r  p rob l em in a fixed l aye r  of a m a s s -  
ive plate,  cyl inder,  or  sphere  for  s imple  boundary conditions --  constant  t e m p e r a t u r e  of the moving m e -  
dium (gas) in front  of the l a y e r  and a constant initial t e m p e r a t u r e  over  the whole volume of the l a y e r .  An 
expres s ion  for  the t e m p e r a t u r e  of the gas is obtained in quadra tu res  using Thomson  functions.  

Shtdyar et al .  [2] solve the p rob l em  of the heating of a plate  by a flow of gas  with more  general  
boundary conditions: the t e m p e r a t u r e  of the gas in front  of the l a y e r  is a function of t ime, and the initial 
t e m p e r a t u r e  of the ma te r i a l  is a function of the coordina tes  along the th ickness  and lengthwise of the l a y e r .  
The final r e su l t  is also obtained in quadra tu re s .  Both solutions are  compl ica ted  for  p rac t ica l  use.  

We descr ibe  below a method for  the exact solution of the p r o b l e m  for a l aye r  of bodies of va r ious  
shapes  for  boundary conditions of the type [2], and also give an approximate  solution of this p r o b l e m  in a 
f o r m  convenient for  engineer ing calcula t ions .  

The well-known approx imate  solutions of the p r o b l e m  [3, 4] are based  on the laws of heating a l aye r  
of bodies  of pe r fec t  the rmal  conductivity, taking account of the coefficient  of m a s s i v e n e s s .  The approx i -  
mate  solution p re sen t ed  is obtained f r o m  the exact  solution by re ta in ing only the f i r s t  t e r m  of the s e r i e s .  
Heat  t r a n s f e r  along the l a y e r  of ma te r i a l  is neglected.  The p r o b l e m  posed  is desc r ibed  by the following 
equations: 

Or(r, Fo, St) 02l(r, Fo, St) , v Ot(r, Fo, St) 
OFo -- 02r ~ r Or ' (1) 

where v = 0, 1, 2 r e spec t ive ly  for  a plate, cyl inder,  and sphere;  St = a F/Ve;  

t(1, Fo, S t ) - -T(Fo ,  St) 0T(Fo, St) (2) 
0St 

OrOt r=l= Bi[T(Fo, St ) - - t (1 ,  Fo, St)], (3) 

at t = o, (4) Or Ir=O 

s t  = o, T = q~ (Fo), (5) 

Fo = 0, t = f (r, St) .  ( 6 )  

The hea t -ba lance  equation of the gas  (2) can be r e l a t ed  to the boundary conditions of the hea t - con-  
duction p rob l em since it e x p r e s s e s  the va r ia t ion  of the t e m p e r a t u r e  of the med ium T(Fo, St) with t ime and 
along the length of the l a y e r .  Using Duhamel ' s  t h e o r e m  we obtain the solution of the more  general  p rob -  
l e m  (1), (3)-(6) for  an a r b i t r a r y  function T(Fo, St). This  solution has the f o r m  

Dneprope t rovsk  Meta l lurgica l  Inst i tute.  T r a n s l a t e d  f r o m  Inzhenerno-Fiz ichesk i i  Zhurnal,  Vol.27, 
No.9, pp.497-503,  September ,  1974. Original  ar t ic le  submit ted  June 6, 1972. 

�9 76 Plenum Publishing Corporation, 22 7 West 17th Street, New York, N. Y. 10011. No part o f  this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, microfilming, 
recording or otherwise, without written permission o f  the publisher. A copy of  this article is available from the publisher for $15 00. 

1125 



t (r, Fo, St) == T (Fo, St) - -  T (0, St) ~ A (t~n) u (r, ~ )  
n ~ l  

,, &0 A (~)  u (r, I&) 
0 t~=l 

' u' r St) exp (--  IX2n Fo), X exp [-- ~ (Fo - -  {o)] do} + ~.~ A (lx~) ( , ~t~, 
n = l  

{7) 

where A(Pn), 
cyl inder ,  and sphere fo r  a constant  t empe ra tu r e  of the medium [5]. 

If the function T(Fo, St) is chosen so that condition (2) is satisfied, (7) gives the solution of the 
p rob lem posed.  To de te rmine  T(Fo, St) we find an express ion  for  the t empera tu re  of the surface  of the 
mate r ia l  t(1,Fo, St) f r o m  (7) and substi tute it into (2), This  gives an integral  equation for  the requ i red  
function T(Fo,  St): 

OT - -  - -  T (0, St) ~/ A (~&) u (1, ~tn) exp (-- ~n~Fo) 
0St 

n = !  

l" 8T ~ i / l ( ~ t , , ) a ( l ,  p,,) exp [__ ~dn(Fo __ co)] do _~ - ~_~A'(!,,,)u'(1, 1~,,, St) exp ( - - , t :Fo ) .  

0 n ~ l  

u(r, Pn), A '~n) ,  and u ' (r ,  tt n, St) are components  of the known solution of Eq. (1) for  a plate, 

(8) 

After  taking the Laplace  t r a n s f o r m  of the las t  equation with r e spec t  to Fo we have 

oT(p, st) ~--~ii~ AO,,,).(,, ~,o) P ~-(p, s t )=~Z (~ . ) . ' ( , ,  ~o, st)-~I..~ (9) 

where 

Solving Eq. (9) and taking the inverse  t r a n s f o r m  as in [2] we find for  the t empera tu re  of the gas 

2 ~ - - exp (-- St N) sin (-- St M) d0 

0 

+ - - -  q~(o~) 

0 0 

st 

+ 1--  t dl~ ~" {c (~, ~> ~o~ tO Vo + (~-- St) Mt ~ D (~, ~) ~n IO Vo 
~1; t, I J 

0 0 

- -  ( ;  - -  St) M ] }  exp [(~ - -  St) N] d~, (1o) 

t~'--I 

~ . 
N =  A(1-t,~).(1, p~,) ,u~+13 ~ , 

n = l  

C(13, ~)= A'(,u,,) u '( l ,  ~,~, ~) tt4§ ~ ; 
n = l  

D(Ig, ~)r _ - - ~ A '  (V.~)u'(1, -~  ~ ,  ~) ~tn4 § 13z . 1 ~  
n = l  

The solution for  a l aye r  of plane bodies found in [2] d i f fers  f r o m  the genera l ized  solution (10), but 
s lmpte t r ans fo rmat ions  show that they a re  identical.  
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T A B L E  1. Va lue s  of  the T e m p e r a t u r e  of a G a s  T 5 C a l c u l a t e d  by  
S u m m i n g  F ive  T e r m s  of  the S e r i e s  and T 1 by  Re ta in ing  Only the 
F i r s t  T e r m  

Fo 

St=0,5 

Ts TI 

St=1,0 

T~ T I 

St~2,0 

T~ 1 T, 

Si=5,0 

Tg T l 

St=lO,O 

Ts T, 

0,1 
0,5 
2,0 
5,0 

10.0 

0,1 
0,2 
0,5 
1,0 
3,0 

0,1 
0,2 
0,5 
t,0 

0,70 
0,78 
0,91 
0,99 
1 , 0 0  

0,86 
0,89 
0,93 
0,97 
t,00 

0,92 
0,94 
0,97 
0,99 

0,71 
0,78 
0,91 
0,99 
1,00 

0,88 
0,89 
0,93 
0,97 
1,00 

0,93 
0,94 
0,97 
0,99 

Bi= 1 
0,49 0,5l 0,24 ! 0,26 0,04 0,03 
0,60 0,60 0,35 1 0,35 0,08 0,07 
0,82 0,82 0,63 0,63 0,23 0~23 
0 ,96  0,96 0,90 0,90 0,58 0,58 
1,00 1,00 0,99 0,99 0,90 0,90 

Bi=5 
0,73i0,77i0,52 10,59 0,17 0,26 
0179 ~ 0,80 i 0,60 0,64 0,24 0,32 
0,87 ! 0.87 ~ 0,74 0,75 0,41 0,46 
0,9410;94i0,86 0,87 0,61 0,65 
1,00 i 1,00 0,99 0,99 0,94 0,95 

Bi= 10 
o,831o,86 o,58 0,75 0,3  0,48 
0.88 i0,89 I 0,76 0,79 0,46 0,54 
0;94,,  0,94 '0,87 0,87 0,66 0,69 
0,9710,9810,94 0f15 0,82 . 0,84 

0,025 
0,027 
0,05 
0,18 
0 56 

0,034 I 0,055 
0,13 
0,28 
0,78 

! 

0,08 
0,16 
0,36 
0,59 

0,002 
0,004 
0,0,3 
0,15 
0,56 

0,068 
0,094 
0,t8 
0,34 
0,81 

0,23 
0,29 
0,45 
0,65 

The  e x p r e s s i o n  fo r  the t e m p e r a t u r e  of the m a t e r i a l s  i s  ob ta ined  by  subs t i tu t ing  (10) and i ts  d e r i v -  
a t ive  with r e s p e c t  to Fo into (7). The  f inal  r e s u l t  in the f o r m  (10) is  unsu i tab le  f o r  ca lcu la t ions ,  even  fo r  
s i m p l e  bounda ry  condi t ions .  

A c o m p u t e r  a l g o r i t h m  b a s e d  on Eqs .  (7) and (8) has  been  deve loped  f o r  ob ta in ing  a c c u r a t e  n u m e r i c a l  
r e s u l t s .  

T r a n s f o r m i n g  the in tegra l  in (7) and (8) by the i n t eg ra t ion  f o r m u l a  

Fo k 

, I e x p  (~t~o)) O T do ~ exp (,a~F%)(T h - -  Th_ 0 (11) 
O0~ 

Fob- 1 

and going to f ini te  d i f f e r e n c e s  in t i m e  and l eng thwise  of  the l a y e r  we obta in  the fol lowing r e c u r r e n c e  r e l a -  
t ions  

T.,~,,, = Tr.,~ - -  k St [ ~ A (ct,,)/4 (1, [.l,n) [exp ( - -  ,u~kk Fo) T (0, f in :- 1) A St) 
n = l  

- -  L,:~,n,, ~1 @ 2 A' (u,,),( [1, ,%, (m 1) AS t ] exp ( - -g~k&Fo)} ,  (12) 
tt~[ 

where  

~ '  ,u~k'AFo)T[0, (m 1)ASt] t,,,~l,z~ = T,,~.I,~ - -  __. A (t,t,,)u (r, V,~) {exp ( - -  -:: 
tZ=| 

~-' L.~,z~,n} -r-' . ~  ~? --A' (l-b~) u' jr, P,v (m -{- 1) _k St} exp ( - -  P~nkk Fo), 
tZ~I 

(13) 

L~,k,~ = L.~,~_I,,~ exp ( - -  p2nk Fo) -~- T m,7: - -  T~ ,~ - r  

F o r  k - - 0 ,  L m ,  0, n = 0; k = 0, 1, 2, 3 . . . .  ; m = 0, 1, 2, 3 . . . . .  Ca l cu l a t i ons  with a l g o r i t h m  (12)-(13) do not 
r e q u i r e  a l a r g e  e x p e n d i t u r e  of m a c h i n e  t i m e .  The hea t ing  of a p la te  by  the f low of a gas  was  ca l cu l a t ed  on 
a M i n s k - 2 2  c o m p u t e r  fo r  ~o(Fo) = 1 and f(r ,  St) = 0. The  c o m p u t a t i o n a l  f o r m u I a s  fo r  th is  c a s e  have  the 
f o r m  

Tin+l, ~ = T~,~ - -  A St Z 2 sin u~ cos ,u,~ L~,~,~, (14) 
~ ~-. sin u n cos tt~ 
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where 

tsur,m+l, ~ = T.,+~,~ -- ~ 2 s i n ~  cos.% Lm,~,n, (15) 
,ii6t, l 1~ + sinbt~ cos a~ 
n = l  

*o 

t ax,m+l,~ = Tm 'x,,~-- ~ 2 sin tt,~ LT=,~,~, (16)  
" W,~ + sin }b, cos ,% 

n = I  

tayg, m + l,  k= Tm+ l,h " ~ 2 sin~,u,, , 
V~ (~t~ + s i n ~  cos ~,,) Lm,~,n' 

r$~ l  

(17) 

L~,k,n = exp {-- [Vtn2kA Fo + (m + 1) A St]} - -  L,,,,a,~. 

The calculat ions were  pe r fo rmed  to different  accuracies :  by summing five t e r m s  of the ser ies ,  
and by retaining only the f i r s t  t e rm .  

A compar i son  of the r e su i t s  of the calculat ion of the t empera tu re  of the gas p resen ted  in Table 1 
shows that the d i f fe rences  between the two solutions in the prac t ica l ly  important  range of Fo, Bi, and St 
va lues  are  admissible  fo r  engineer ing calculat ions.  

It is of in teres t  to obtain an approximate  analytic solution. By retaining only the f i r s t  t e r m  of the 
s e r i e s  in the general  solution of the heat-conduction equation (7) for  ~o(Fo) = 1 and f(r, St) = 0 Eq. (9) takes 
the f o r m  

dT +A(,~)u(1, ~,) P ~=0 ,  (lS) ~-~ p + ~,~ 

~ =  __pl exp ( - - S t '  P+Ii~P ) '  where  S t ' =  A(~h)u(1, bh)St. 

f r om  which 

We reduce  the las t  express ion  to a f o r m  conenient  for  finding the inverse t r an s fo rm  f rom tables [5]: 

2 

~ V = [ p + ~ 2  exp (S t, ,u~ p - - ~  

As a resu l t  we obtain 

(20) 
Fu ' 

T = exp [-- i St' + Fo')] I n {2 F' St' Fo') .-~-- ,!" exp [-- !St' -:-- Fo')] I 0 (2 : St' Fo') d Fo', 
0 

where Fo '  = #~Fo. 

We use the p rope r ty  of a fundamental function [6] 

exp [-- (x + V)I l0 (2 ] -x~} = 1 - -  .i exp [-- (x ~- Y)] I0 (2 : ~ )  dx --  I exp t--  (z + Y)] Io (2 ~ .7~V) @, 

to reduce  the solution (20) to the following final form:  

S t '  

T(Fo, St) = i -- i" exp [--(St'  -~--Fo')] Io(2 ~. St' Fo')dSt'. (21) 

Equation (21) is identical in f o r m  with the solution for  a l a y e r  of bodies of per fec t  thermal  conductivity [6]. 
The only di f ference is in the s t ruc tu re  of the d imensionless  arguments  which in the presen t  case  depends 
on the shape of the bodies  and the Biot number .  Taking this into account the t empera tu re  of the gas can be 
de te rmined  f r o m  the graph of the fundamental function which ord inar i ly  is used to calculate the heating of 
a l a ye r  of per fec t ly  conducting bodies, (e .g .  in [3]). 

F r o m  (20) we find the ra te  of change of the t em p e ra tu r e  of the gas 
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f lS t~ ,  2 
oFoO-T--T = exp [-- (St' -- Fo')] I, (2 lUSt' Fo') k Fo '  (22) 

and substituting (21) and (22) into (7) we obtain an express ion for the tempera ture  of the mater ia l  

St" 

t (r, Fo, St) = 1 - -  S exp [-- (St' + Fo')] I o (2 ~ : ~ d S t '  
0 

- -  A (1~) u (r, ~,) exp [-- (St' + Fo')] I 0 (2 V S t '  Fo'). (23) 

For  St' = 0 solution (23) goes over into the famil iar  solution of the heat-conduction equation for a constant 
t empera ture  of the medium in the domain of regular  behavior 

t = 1 -- A (1@ u (r, ~q) exp (-- Fo'). 

The approximate formulas  (21) and (23) permi t  convenient rapid calculations of the heating (cooling) of a 
l aye r  of bodies of var ious  shapes for any values of Bi using a graph of the fundamental function and tables 
of exponential and Bessel  functions. 

For example, 
tional formulas: 

when applied to a l ayer  of plane bodies Eq. (23) leads to the following simple computa-  

~$ur ~ T  
2 s i n  ~l I COS ~11 

exp [-- (St' § Fo')] I 0 (2 V-St' Fo'), (24) 
/a 1 -- sin u~ cos,ul 

l 
tax = r ( r  - -  &ur), (25) 

cos ~h 

rave = T -- -tg~l (T - -  tsur). (26) 
,ul 

Calculation of the heating of a plate by a s t r eam of gas using Eqs.  (21), (24)-(26) gave the same result  as 
a computer  calculation using algori thm (14)-(17) and retaining only the f i rs t  t e rm of the ser ies .  

In conclusion we present  an approximate solution for boundary conditions (5) and (6): 
Fo St l 

0 0 

x exp [-- A 0h) u (1, ,%) (St - -  ~) --  Fo'] ] o [2 l '  A (tx~) u (1, ,ul) (St - -  ~) - -  Fo'l d~. (27) 

NOTATION 

t is the tempera ture  of the mater ia l ;  T is the tempera ture  of the gas; r is the dimensionless co- 
ordinate along the thickness of the body; oz is the coefficient of heat t ransfer  f rom gas to mater ia l ;  F is 
the area  of the heating surface f rom the front of the layer  to any c ross  section perpendicular  to the gas 
flow; Vc is the water equivalent of the gas flow; I 0 and I t are Bessel  functions of the f i rs t  kind of imaginary 
argument;  k is the ordinal number of the time interval; m is the ordinal number of an element along the 
length of the layer ;  tsu r is the surface tempera ture  of the body; tax is the tempera ture  of the body along 
its axis; tave is the tempera ture  of the body averaged over  its mass ;  Pl is the f i rs t  root of the cha rac t e r -  
istic equation; Fo is the Four ie r  number; Bi is the Blot number; St is the Stanton number.  

1. 
2. 

3. 

4. 

5. 
6. 
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